On the accelerated observer's proper coordinates and the rigid motion
  problem in Minkowski spacetime by Formiga, J. B.
ar
X
iv
:1
21
1.
02
22
v3
  [
gr
-q
c] 
 3 
Oc
t 2
01
3
On the accelerated observer’s proper coordinates and the rigid
motion problem in Minkowski spacetime
J. B. Formiga∗
Centro de Cieˆncias da Natureza, Universidade
Estadual do Piau´ı, 64002-150 Teresina, Piau´ı, Brazil
(Dated: November 1, 2018)
Abstract
Physicists have been interested in accelerated observers for quite some time. Since the advent
of special relativity, many authors have tried to understand these observers in the framework of
Minkowski spacetime. One of the most important issues related to these observers is the prob-
lematic definition of rigid motion. In this paper, I write the metric in terms of the Frenet-Serret
curvatures and the proper coordinate system of a general accelerated observer. Then, I use this
approach to create a systematic way to construct a rigid motion in Minkowski spacetime. Finally,
I exemplify the benefits of this procedure by applying it to two well-known observers, namely,
the Rindler and the rotating ones, and also by creating a set of observers that, perhaps, may be
interpreted as a rigid cylinder which rotates while accelerating along the axis of rotation.
∗ jansen.formiga@uespi.br
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I. INTRODUCTION
Accelerated observers in Minkowski spacetime have been widely studied in physics and
there is no doubt about their importance to modern physics. They have been used to
study quantum phenomena, like the Unruh effect [1], and to understand some properties
of general relativity [2, 3]. Some very nice papers on the subject have been published so
far [1–12], some of them trying to answer fundamental questions such as “how do electric
charges behave in an accelerated frame?” [11, 12]. Another important use of these observers
lies in the definition of rigid motion in Minkowski spacetime, which is a controversial issue.
As an example of the important role played by accelerated observers, we have the rotating
observers, which are generally used to deal with a rigid disk [4].
In Sec. III of this paper, I use the tetrad formalism to obtain an expression for the
metric tensor in terms of the proper coordinate system of an arbitrary accelerated observer.
I also write the metric tensor in terms of the curvatures of the observer’s curve. I use this
approach and the definition of rigid motion presented in Ref. [4] to create a systematic way
to construct a rigid motion in Minkowski spacetime. To exemplify the benefits of using this
approach, in Sec. V, I apply it to the Rindler and rotating observers. In addition, I create
a new set of observers that perhaps can be used to represent a particular motion of a rigid
cylinder. A brief introduction to the Frenet-Serret tetrad is given in Sec. II.
Throughout this paper capital Latin letters represent tetrad indices, which run over (0)-
(3), while the Greek ones represent coordinate indices, which run over 0-3; the small Latin
letters run over 1-3. The frame is denoted by eA, and its components in the coordinate basis
∂µ are represented by e
µ
A .
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II. FRENET-SERRET TETRAD
Let xµ(s) be a curve in Minkowski spacetime, where s is its arc length. In this spacetime,
Frenet-Serret basis can be defined through the formulas
de µ(0)
ds
= k1e
µ
(1) , (1)
de µ(1)
ds
= k1e
µ
(0) + k2e
µ
(2) , (2)
de µ(2)
ds
= k3e
µ
(3) − k2e µ(1) , (3)
de µ(3)
ds
= −k3e µ(2) , (4)
where e µ(0) = dx
µ/ds and e µA are the components of the vectors in the Cartesian coordinate
basis ∂µ (for a general version of these formulas, that is, a version that holds for either a
general coordinate system or a curved spacetime, see p. 74 of Ref. [13]). The functions
k1, k2 and k3 are known as first, second and third curvatures, respectively. The curvature
k1 measures how rapidly the curve pulls away from the tangent line at s, while k2 and k3
measure, respectively, how rapidly the curve pulls away from the plane formed by e(0), e(1)
and from the hyperplane formed by e(0), e(1), e(2) at s (for more details, see Ref. [14]).
It is important to note that when k1 is zero, only e(0) is defined by the previous formulas.
To keep the geometrical meaning of k2 and k3, we have to set them equal to zero. In this
case, the vectors e(i) must be constant. The same happens with k3 if k2 vanishes. However,
if we are not worried about the meaning of ki, we can choose the vectors that are not fixed
by these formulas as we wish; of course, they have to satisfy the requirements to be a tetrad
basis.
III. THE PROPER COORDINATE SYSTEM OFAN ACCELERATEDOBSERVER
In this section, I consider the worldline of two distinct observers and choose a frame that
is attached to one of them to construct a vector field globally defined in the Minkowski
spacetime. After that, I impose the condition needed to ensure that we are using the proper
coordinate system of the chosen accelerated observer.
To begin with, let two observers n and o describe the curves xµn(sn) and x
µ
o (so) in an
3
inertial frame of reference I (see figure 1). Now, let Λ(sn) be a local Lorentz transformation
from I to another inertial frame that, in an instant sn/c (c is the speed of light), coincides
with a noninertial frame S attached to the observer n. In searching for the proper coordinate
system of n, we want the following to hold:
(xνo − xνn)Λ0ν(sn) = 0, (5)
that is, both events xµn(sn) and x
µ
o (so) are simultaneous in the frame S. In what comes next,
it is more suitable to use a different approach. Instead of dealing with coordinates directly,
I shall deal with vectors first; then, when necessary or convenient, I use coordinates.
FIG. 1. This figure shows two observers at xµn, x
µ
o and their respective worldline, n and o. The
4-vectors rn and ro represents the events x
µ
n and x
µ
o , respectively; the 4-vector r is the position of
xµo relative to x
µ
n. Here, xj represents the axis x, y and z.
As figure 1 suggests, the relation among the vectors rn, ro and r is
r = ro − rn. (6)
Let e˜A(sn) be the frame that is attached to the observer n at an instant sn/c (the frame
S), not necessarily the Frenet-Serret tetrad. From this definition, one defines the co-frame
e˜A(sn) (also called dual basis) through e˜
A(e˜B) = δ
A
B. The components of e˜A in a coordinate
basis ∂˜µ will be denoted by e˜
µ
A , while the ones for the co-frame will be denoted by e˜
A
µ.
In the definition above, both the frame and the co-frame are defined along the worldline
of the observer n. Nonetheless, we can parallel transport them to an arbitrary point so
that we construct a vector and a co-frame field defined everywhere. Let us denote the
4
transported vector by eA and the co-frame by e
A, where their components are also defined
without the “tilde”. It is well known that neither Cartesian basis nor the components of the
vectors written in this basis change under parallel transport in the Minkowski spacetime.
Therefore, if we take ∂˜µ as being the Cartesian basis, we can identify ∂˜µ with ∂µ and e˜
µ
A
with e µA ; the same also holds for the co-frame, which is written in terms of dx
µ. Since we
shall deal only with Cartesian basis, the “tilde” will be omitted from now on. As a result,
we have both the vector field eA and the one-form field e
A globally defined in the Minkowski
spacetime and having the same form at each point of this manifold.
From the arguments above, we can write ro = x
µ
o∂µ = x
µ
oe
A
µeA and rn = x
µ
n∂µ = x
µ
ne
A
µeA,
where it was used the identity ∂µ = e
A
µeA. Using these expressions and the definition
r = rAeA in Eq. (6), we may write
rA = (xµo − xµn)eAµ. (7)
In this approach, the equivalent version of (5) is
r(0) = (xµo − xµn)e(0)µ = 0, (8)
where eAµ plays the role of the local Lorentz transformation, and it was assumed that
e µ(0) ≡ dxµn/dsn. Recall that the components of the parallel-transported vectors do not
change because they are written in terms of the Cartesian basis. Therefore, the vector field
e µ(0) = dx
µ
n/dsn has this form everywhere.
By using (8), we can invert (7) to get
xνo = x
ν
n + r
(j)e ν(j) . (9)
The reason why I am writing this is because xνn, and consequently e
ν
(j) , is supposed to be
known and we want to know how the observer o is described in the frame S; the pair (sn, r
(i))
will represent the observer o in S.
From (9), we can create a set of static observers by taking r(j) constant. For instance, if
we take r(i) = 0, we have the observer n; for any other value, we have another observer who
is at a fixed proper distance from the observer n. However, for a general observer o, not
necessarily at a fixed distance from n, we can see xνo in (9) as a function of τ and r
j, where
τ = τn = sn/c. Therefore, differentiation of (9) leads to
dxνo =
(
dxνn
dτ
+ r(j)
de ν(j)
dτ
)
dτ + e ν(j) dr
(j). (10)
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By using ds2 = ηµνdx
µ
odx
ν
o , we get
ds2 =
[
c2 + 2cr(i)e(0)µ
de µ(i)
dτ
+ r(i)r(j)ηµν
de ν(i)
dτ
de µ(j)
dτ
]
dτ 2 + 2r(i)e(j)ν
de ν(i)
dτ
dτdr(j)
+η(i)(j)dr
(i)dr(j), (11)
where r(1), r(2), and r(3) are such that
c2 + 2cr(i)e(0)µ
de µ(i)
dτ
+ r(i)r(j)ηµν
de ν(i)
dτ
de µ(j)
dτ
> 0. (12)
It is important to keep in mind that (11) holds only if eA and e
A are written in terms of the
Cartesian basis ∂ct, ∂x, ∂y and ∂z .
It is clear in (11) that τ and r(i) are the proper coordinates of n. To see this, we just
need to set τ = constant and verify that ds2 = η(i)(j)dr
(i)dr(j). Of course, by definition,
dsn = cdτ (r
(i) = 0). However, it is interesting to note that although the proper distances
of both n and o are the same, the proper time of an observer o at a fixed proper distance
from the observe n is not τ , but rather
c2dτ 2o =
[
c2 + 2cr(i)e(0)µ
de µ(i)
dτ
+ r(i)r(j)ηµν
de ν(i)
dτ
de µ(j)
dτ
]
dτ 2. (13)
A. The metric and the curvatures of the observer’s curve
Here, I write the line element (11) in terms of the curvatures of the curve described by the
observer n, although the interpretation of ki as the curvatures of this observer’s worldline
cannot always be true, as we shall see in Sec. VB.
By choosing the basis eA to be the parallel transported version of Frenet-Serret basis (see
Eqs. (1)-(4)), the line element (11) can be written as
ds2 =
[
(1 + k1r
(1))2 − (k23 + k22)(r(2))2 − (k2r(1) − k3r(3))2
]
c2dτ 2 + 2
[
−k2δj2r(1)
+(k2δj1 − k3δj3)r(2) + k3δj2r(3)
]
cdτdr(j) − δijdr(i)dr(j), (14)
where
(1 + k1r
(1))2 − (k23 + k22)(r(2))2 − (k2r(1) − k3r(3))2 > 0. (15)
The Frenet-Serret tetrad is defined only along the curve of the observer n. Nonetheless,
as described at the beginning of this section, we can use the parallel transport to create a
6
vector field that is defined everywhere and has the same form as that of the one defined
along xµn.
In 2 + 1 dimensions, we have k3 = 0 (see [14] for more details). Hence, the line element
(14) reduces to
ds2 =
{
(1 + k1r
(1))2 − k22
[
(r(2))2 + (r(1))2
]}
c2dτ 2
+2k2
[
δj1r
(2) − δj2r(1)
]
cdτdr(j) − δijdr(i)dr(j). (16)
In the next section, I use (16) to obtain the line element for the Rindler and the rotating
observers.
IV. THE RIGID MOTION PROBLEM
In this section I show how we can use Eqs. (9) and (14) to create a systematic way to
construct a rigid motion in the sense of Ref. [4].
The definition of rigid motion in special relativity was first given by Born [15]. This
definition corresponds to a very strong constraint and, to relax it, one may use the following
definition [4]:
pµν ≡ 1
2
(uµ;ν + uν;µ − uµ;αuαuν − uν;αuαuµ) = 0, (17)
where the semicolon denotes covariant differentiation, and uµ = dxµ/ds.
It is clear from Eq. (17) that not all kinds of motion are allowed, which can be considered
as an unsatisfactory fact because one would rather have a definition of rigidity that was
independent of the motion, as in a Euclidean space. However, it seems impossible to have
such a definition.
A. Allowed motions
Let us now consider the observers that are characterized by the constant values of ξ ≡ r(1),
χ ≡ r(2), and λ ≡ r(3), which do not impose any restriction on the possible motions of the
observer n. In these coordinates, the observer o is described by (τ, ξ, χ, λ). The 4-velocity
of this observer is
uµ =
dτ
dso
δµ0 =
1
c
f−1/2δµ0, (18)
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where I have used (14), omitted the “o” in uµ and defined f ≡ (1 + k1ξ)2 − (k23 + k22)χ2 −
(k2ξ − k3λ)2. The covariant component of the 4-velocity is
uν =
1
c
f−1/2g0ν (19)
From now on, I shall use only the letters ξ, χ, and λ to represent the coordinates r(i).
The 4-velocity (19) allows us to write the tensor pµν in the following convenient form:
pµν =
1
2
[
uµ,ν + uν,µ − 1
c
f−1/2 (uµ,0uν + uν,0uµ)− 2
c
f−1/2Γ0µν
+
1
c2
f−1 (Γ00µuν + Γ00νuµ)
]
, (20)
where Γλµν ≡ (1/2)(gµλ,ν + gνλ,µ − gµν,λ) is the Christoffel symbol of the first kind.
The condition pµν = 0 does not hold for an arbitrary motion. Hence, it is important to
known under what conditions the observers o are rigid. The following theorem establishes
necessary and sufficient conditions for this to happen.
Teorema IV.1 Let k1, k2, and k3 be the curvatures of the curve described by the observer
“n”. The set of observers “o” defined by the constant values of ξ, χ, and λ will represent a
rigid motion in the sense of Eq. (17) if and only if the curvatures k2 and k3 are constant. In
addition, for a nonconstant k1, these observers are rigid if and only if both k2 and k3 vanish.
The proof goes as follows. If Eq. (17) holds, then from the components p11 and p33 we
respectively have
k2
[
k˙2 +
(
2k1k˙2 − k2k˙1
)
ξ +
(
k21 k˙2 − k2k1k˙1
)
ξ2
]
= 0, (21)
−k3
[
k˙3 + k
2
2k˙3 − k2k3k˙2 +
(
2k1k˙3 − k3k˙1
)
ξ +
(
k21k˙3 − k3k1k˙1
)
ξ2 +
(
k3k2k˙2 − k22 k˙3
)
χ2
]
= 0,
(22)
where the overdot stands for derivative with respect to τ . By taking into account that the
coordinates are arbitrary and assuming k2 6= 0 in Eq. (21), we arrive at
k˙2 = 0, (23)
2k1k˙2 − k2k˙1 = 0, (24)
k21 k˙2 − k2k1k˙1 = 0. (25)
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From Eq. (22) and the assumption k3 6= 0, we obtain
k˙3 + k
2
2 k˙3 − k2k3k˙2 = 0, (26)
2k1k˙3 − k3k˙1 = 0, (27)
k21 k˙3 − k3k1k˙1 = 0, (28)
k3k2k˙2 − k22k˙3 = 0. (29)
It is clear in Eq. (23) that k2 must be constant. Besides, from Eqs. (26) and (29), one easily
prove that k˙3 must vanish independently of k2. In turn, from Eqs. (24) and (27) we see that
if k1 is not constant, then k2 and k3 must be zero.
Let us now see that, for constant curvatures, Eq. (17) is identically satisfied. In this case,
the components of the Christoffel symbol that are of our interest are
Γ001 = c
2
[
k1 + k2k3λ+ (k
2
1 − k22)ξ
]
, Γ002 = −c2(k22 + k23)χ,
Γ003 = c
2(k2k3ξ − k23λ), Γ012 = −ck2/2. (30)
By using Eqs. (14), (18), (19), and the expressions above in Eq. (20), one can check that
pµν = 0.
To finish the proof of theorem IV.1, we just need to verify that Eq. (17) holds for an
arbitrary k1 as long as k2 and k3 vanish. For this case, we have
f = (1+ k1ξ)
2, uµ = c(1 + k1ξ)δ
0
µ, Γ000 = c
2(k˙1 + k1k˙1ξ)ξ, Γ001 = c
2(1 + k1ξ)k1. (31)
From these expressions and Eq. (20), it is straightforward to check that pµν vanishes, which
finishes our proof of the theorem IV.1.
We can use the theorem IV.1 and the accelerated observers that are static in the coor-
dinates ξ, χ, and λ to obtain a particular rigid motion. Examples of how this can be done
are given in the next section.
V. APPLICATIONS
To exemplify the application of the observers considered in the previous section, I obtain
the Rindler observers, the rotating ones, and create a new set of rigid observers.
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A. Rindler Observers
In 1 + 1, an observer whose 4-acceleration a is constant can described, for certain initial
conditions, by [10]
x0 =
c2
a
sinh
(aτ
c
)
, (32)
x1 =
c2
a
cosh
(aτ
c
)
. (33)
We can use this observer as the observer n in order to get the observer o and, then, construct
a “rigid rod” that is accelerated with a constant 4-acceleration.
By using Eqs. (32) and (33) into (1)-(4), we get k1 = a/c
2 and k2 = k3 = 0. Besides, Eq.
(9) becomes
x0 =
(
c2 + ξa
a
)
sinh
(aτ
c
)
, (34)
x1 =
(
c2 + ξa
a
)
cosh
(aτ
c
)
, (35)
which defines the so-called Rindler observers (see Ref. [10] for more details).
It is easy to see that the line element (16) reduces to the well-known expression
ds2 = (1 +
a
c2
ξ)2c2dτ 2 − dξ2 (36)
and the condition (15) implies ξ ∈ (−c2/a,∞).
Rindler observers can clearly mimic a rigid rod since the curvatures of the observer n are
constant. It is straightforward to verify that Eqs. (34) and (35) yield
u0 = x1/
√
(x1)2 − (x0)2, (37)
u1 = x0/
√
(x1)2 − (x0)2, (38)
which satisfy Eq.(17).
B. Rotating observers
Let an observer n that is rotating with a constant angular velocity ω and at a distance
R from the origin of a inertial frame I have the coordinates
x0n = ct, x
1
n = R cosωt, x
2
n = R sinωt. (39)
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By using the Frenet-Serret basis, we obtain
e µ(0) = γ(1,−
ωR
c
sinωt,
ωR
c
cosωt, 0), (40)
e µ(1) = (0,− cosωt,− sinωt, 0), (41)
e µ(2) = γ(−
ωR
c
, sinωt,− cosωt, 0), (42)
e µ(3) = (0, 0, 0, 1), (43)
where γ = 1/
√
1− ω2R2/c2. From Eq. (9), we get
x0o = ct− ωRγχ/c, (44)
x1o = (R− ξ) cosωt+ χγ sinωt, (45)
x2o = (R− ξ) sinωt− χγ cosωt. (46)
These are the coordinates of o in the frame I.
The curvatures of the observer n are k3 = 0, and
k1 = γ
2ω
2
c2
R, (47)
k2 = γ
2ω
c
. (48)
These curvatures are clearly constant, which allows us to use this observer n to construct a
rigid set of observers which rotates with it. We construct this set by taking ξ and χ constant
in the coordinates (44)-(46).
The substitution of k1 and k2 into (16) gives
ds2 =
[
(1 + γ2
ω2R
c2
ξ)2 − γ4ω
2
c2
(ξ2 + χ2)
]
c2dτ 2 + 2γ2ω(χdξ − ξdχ)dτ − dξ2 − dχ2. (49)
For simplicity, let us set R = 0. In this case, we have
ds2 =
[
1− ω
2
c2
(ξ2 + χ2)
]
c2dτ 2 + 2ω(χdξ − ξdχ)dτ − dξ2 − dχ2, (50)
where condition (15) leads to
√
ξ2 + χ2 < c/ω. This is the same line element of the rigid
disk in Ref. [16].
Here, we have to be very careful with the meaning of ki. When k1 is zero the Serret-
Frenet formulas do not determine k2, k3, e(2) and e(3), as pointed out before. This is exactly
the case when one sets R = 0 in Eq. (39) before evaluate the basis. On the other hand,
when we perform the calculations first and then take R = 0, we obtain k1 = k3 = 0 and
11
k2 = ω/c, and the basis remains well defined. The problem in this case is that ki cannot be
interpreted as the curvatures of a curve, since a curve which does not curve (k1 = 0) cannot
twist (k2 6= 0). For our purpose this is irrelevant, since we do not need ki to be curvatures.
But now, we have the question: “why don’t we take the inertial frame, since it also satisfies
Frenet-Serret formulas?” The answer is simple: the rotating observers who are not at the
origin (ξ or χ 6= 0) must be at rest with respect to the chosen frame so that they keep their
rigidity in this frame. To understand better, consider the following. If we have just one
particle at the origin, then we have two types of frame that the particle can be at rest: a
frame that rotates around its origin, and a frame that does not rotate at all. However, if
we have a rigid disk made of particles that are at rest with respect to a certain frame, there
will be only one frame satisfying this condition: the one which rotates together with the
particles. Therefore, we have to choose that frame for the rotating disk.
C. A new set of accelerated observers and its rigid motion
Let the observer n describe the following path in the inertial frame I:
xµn =
√
3
(√
2c2
a
sinh θ,
c2
a
cos θ,
c2
a
sin θ,
√
2c2
a
cosh θ
)
, (51)
where θ = as/(
√
3c2) (s is the arc length), and a is the observer’s 4-acceleration. This
observer not only rotates around the z-axis but also translates along it (see figure 2).
From the coordinates x1n, x
2
n and the observer’s proper time, we can see that the observer
(51) rotates around the z-axis with a constant angular speed from his point of view. By
equating θ to 2mpi (m = 0, 1, 2...), we get cτm = sm = 2mpi
√
3c2/a, which yields the period
T = 2
√
3cpi/a. However, from the point of view of the observer who is at rest in the I frame,
this is not a periodic rotation because the function “sinh” is not periodic (tm+1− tm depends
on m).
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FIG. 2. In this figure, the projection of the curve (51) on x, y, z is shown for
√
3c2/a = 1 and θ
starting from 0.
By using the Frenet-Serret formulas, one obtains the tetrad
e µ(0) =
(√
2 cosh θ,− sin θ, cos θ,
√
2 sinh θ
)
, (52)
e µ(1) =
1√
3
(√
2 sinh θ,− cos θ,− sin θ,
√
2 cosh θ
)
, (53)
e µ(2) =
1√
2
(
−
√
2 cosh θ, 2 sin θ,−2 cos θ,−
√
2 sinh θ
)
, (54)
e µ(3) =
1√
3
(
sinh θ,
2√
2
cos θ,
2√
2
sin θ, cosh θ
)
, (55)
and the curvatures
k1 =
a
c2
, k2 =
2
√
2
3
a
c2
, k3 =
1
3
a
c2
, (56)
which are constant.
The substitution of (56) into (14) yields
ds2 =
[(
1 +
aξ
c2
)2
− a
2
9c4
(
2
√
2ξ − λ
)2
− a
2
c4
χ2
]
c2dτ 2
+
2a
3c
[
2
√
2(χdξ − ξdχ) + λdχ− χdλ
]
dτ
−dξ2 − dχ2 − dλ2. (57)
Remember that ξ = r(1), χ = r(2) and λ = r(3). From (9), we get
x0o = A sinh θ −
√
2C cosh θ, x1o = B cos θ + 2C sin θ,
x2o = B sin θ − 2C cos θ, x3o = A cosh θ −
√
2C sinh θ, (58)
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where
A =
√
6
(
c2
a
+
ξ
3
+
λ
3
√
2
)
, B =
√
3
(
c2
a
− ξ
3
+
2λ
3
√
2
)
, C =
χ√
2
. (59)
One can easily verify that this curve satisfies (x0o)
2−(x1o)2−(x2o)2−(x3o)2 = −(A2+B2+2C2).
By taking ξ, χ, and λ as constant, we obtain a set of observers which represent a rigid
motion (see theorem IV.1). Perhaps, these observers may be interpreted as a particular case
of a solid cylinder that rotates around its axis and, at the same time, is accelerated along it.
To double check that these observers satisfy Eq. (17), we can write the 4-velocity in terms
of the Cartesian coordinate xµ, where I have dropped the “o”, and substitute the result into
Eq. (17). By doing that, we arrive at u0 = z/α, u1 = −y/α, u2 = x/α and u3 = w/α, where
I have used α =
√
z2 − y2 − x2 − w2 and w ≡ x0, x ≡ x1, y ≡ x2, z ≡ x3. One can easily
check that this 4-velocity satisfies Eq. (17).
VI. FINAL REMARKS
The proper coordinate system used in (11) belongs to the observer n and, in this sense,
this observer is privileged. This is not a strange fact because, in general, each observer
has a different 3-velocity with respect to the frame I. For instance, the magnitude of the
3-velocity of a Rindler observer can be shown to be
V =
at√
(1 + aξ/c2)2 + a2t2/c2
, (60)
where t and x are the Cartesian coordinates used by the inertial observers in I. This velocity
clearly depends on the position of the Rindler observers, that is, on ξ. Hence, if we choose
to write the metric in terms of proper distances and a proper time for a set of accelerated
observers, in general, we will have to choose the proper coordinate system of one of them.
For a coordinate system that does not privilege any of the Rindler observers, see Ref. [17]
The advantage of using the Frenet-Serret formalism lies in the fact that, with the help of
theorem IV.1, it allows for a systematic and easy way to construct any rigid set of observers.
One of the main advantages is that we do not need to know whether the curve of the observer
n (the one used to generate the whole set) is inside a plane or in a hyperplane (or even in the
whole spacetime), since the calculations already give the simplifications needed when the
curve lies either in a plane or in a hyperplane. For example, when the curvature k3 vanishes,
14
all nontrivial terms with r(3) disappear in the metric (14). The same goes for both r(2) and
r(3) when k2 = k3 = 0.
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